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Abstract 



The tensorial form of the spin-other-orbit interaction operator in 
the formalism of second quantization is presented. Such an expression 
is needed to calculate both diagonal and off-diagonal matrix elements 
according to an approach, based on a combination of second quan- 
tization in the coupled tensorial form, angular momentum theory in 
three spaces (orbital, spin and quasispin), and a generalized graphi- 
cal technique. One of the basic features of this approach is the use 
of tables of standard quantities, without which the process of obtain- 
ing matrix elements of spin-other-orbit interaction operator between 
any electron configurations is much more complicated. Some special 
cases are shown for which the tensorial structure of the spin-other-orbit 
interaction operator reduces to an unusually simple form. 
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1 Introduction 



The spin-other-orbit interaction operator is one of the most complex opera- 
tors occurring in atomic structure calculations and accounts for the relativis- 
tic corrections in the Breit-Pauli approximation. Because of its complexity 
this operator has deserved special attention from a number of authors, and 
various modifications of its expression are known from the literature ([1] 
and references therein, and [2, 3, 4]). In practical applications the most ac- 
ceptable modification is the one where the operator of the spin-other-orbit 
interaction has the simplest analytical structure and, at the same time is 
well formalized to use in the programs based on methods of atomic struc- 
ture calculations. From this point of view the expression derived by Glass 
and Hibbert [3] is convenient, and it is used in functioning computer code 
MCHF_ASP [5]. Still, an efficient approach of angular integrations devel- 
oped by Gaigalas and Rudzikas [6] (later on referred to as PI) and Gaigalas, 
Rudzikas and Froese Fischer [7] (later on referred to as P2) makes the cal- 
culations up to 7 times faster than calculations based on other methods. 

In PI [6] the combination of second quantization in coupled tensorial 
form, angular momentum theory in three spaces (orbital, spin and qua- 
sispin) and a generalized graphical technique was proposed to formalize the 
angular integrations when up to two open shells are involved. In P2 [7] the 
formalization was developed further so that configurations with arbitrary 
number of open shells are included. This approach poses new requirements 
of its own, mainly because of the use of standard quantities. In particular, 
we seek the following goals. First, we need to obtain an expression of the 
spin-other-orbit operator in second quantization formalism in order to use 
the tables of submatrix elements of standard quantities (analogous to those 
of U k and V kl ) while obtaining not just diagonal matrix elements like in 
Jucys and Savukynas [1], but also off-diagonal matrix elements, namely off- 
diagonal with respect to the configuration's matrix elements. Second, we 
need a series of explicit formulae with practical recommendations for their 
subsequent use according to the approach described in PI [6] and P2 [7], 
which would allow us to exploit the quasispin formalism (Rudzikas and Ka- 
niauskas [8]) and to take advantage of having recoupling matrices simpler 
than those in the approach used by Glass and Hibbert [3] in LSJ coupling 
or Grant [9] in jj coupling. 

In the second section of this paper we sketch a way of obtaining the 
general expression for the spin-other-orbit interaction operator in the cou- 
pled tensorial form of second quantization. In the third section we present 
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explicit expressions for the submatrix elements occurring in the amplitude 
parts of this operator. These values are necessary for the calculation of ma- 
trix elements of the spin-other-orbit interaction operator between arbitrary 
configurations (see P2 [7]). In the fourth section we discuss simplifications 
that are possible in some special cases of electron distributions in subshells 
acted upon. This allows us to reduce the amount of spin-angular integration. 

2 Spin-Other-Orbit Interaction 

From Eq. (24-18) of Slater [10] we have the two-particle part of spin-orbit 
interaction, also called the spin-other-orbit interaction, between electrons i 
and j (using a.u. instead of Rydberg as the unit of energy) as 



where a = 7.29735308 • 10~ 3 is the fine structure constant in atomic units, 
and Pij is the operator of permutation i ^ j of electrons acting upon the 
expression preceding it. 

Definition (1), along with the angular momentum theory identity 




(1) 



Ljfe = [rjk x Pi] 



(2) 



gives us 



a 



2 



TTSOO 




([L ij + 2L ji ]-s i )(l + P ij ) 



{L ij -[s i + 2 Sj ]){l + P ij ). 



(3) 



This, according to the definition (24-12) of Slater [10] 




(4) 



i>j 



immediately yields the spin-other-orbit part of the Hamiltonian: 



H 



soo 




i>j *J 
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The expression (5) in the formalism of second quantization is 



(5) 



cr ^ 



-U2 



-o- • si + 2s 2 



r 12 



■I •/ 



aiajUya],, 



(6) 



where the summation extends over all the possible single-electron states 
iji'f (i = n ihmksm Si etc., i and i' belong to the coordinate space of elec- 
tron 1, j and f - of electron 2) instead of the numbered electrons i and j. 
We denote electron creation operators by aj, and annihilation operators by 
hermitean conjugates, aj. The additional factor 1/2 before the sum, usu- 
ally occurring while passing over to the second quantization representation 
(see e.g. (64.15) and (64.16) of Landau and Lifshitz [11]), is not present 
here because in (5) not only i > j, but also j > i terms appear. However, 
the two-particle operator (the one between bra and ket functions) in (6) is 
no longer symmetric with respect to the permutation of electron labels 1 
and 2. One might symmetrize it, at the expense of doubling the number 
of terms, which is unnecessary here. We should note also that actually in 
the matrix clement (ij ^ • [si + 2S2] i'j') no summation over spin indices 

V r l2 ) 

is performed, as such a summation should include different spin indices in 
diCija^aj,, as well. Here some confusion may arise if we accept the defini- 
tions presented in textbooks (even in Landau and Lifshitz [11]) too literally. 
However, we circumvent this point by using the irreducible tensorial form 
of operator and the submatrix elements in radial and spin-angular spaces, 
as we will show in the following section. 

The operator between bra and ket functions on the right-hand side of 
(6) is transformed to the irreducible tensorial form (in the spaces of angular 
and spin momenta). We use the identity 



'12 



12 



[ri2 x Vi] 



or in tensorial form, 



L 



12 



r 12 



12 



Vi— x Vi 

ri2 



(i) 



iy/2 



r\2 



(i) 



- = E 



(7) 

(8) 
(9) 
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and 



V 



(i) 



or i 



cWxI«l (1) 



of Jucys and Savukynas [1], together with the commutator, 



(10) 



t (i) r W 



iJk{k + l) 



k 1 fc 
9 p q + p 



c 



and the identity 



(11) 



(*) _ / fc(2fc - 1) 

V (fc + l)(2A; + 3) 



(fc) 



(12) 



of Kaniauskas and Rudzikas [12], and the standard angular momenta recou- 
pling techniques, to obtain 



r 12 



(1) 



^12 



— y 

^3 fe 



Cl {k) x L« 



(i) 



+ 2 S « 



fc-2 



(2A; + l)^(2fc-l) ^_e(r 2 -n) 



+ 



'2 

<*> xG wl (1) 



+ 2s« 



x|(fc + l) ^+1 <r 2 - n) - fc e(n - r 2 ) 



(i) 



a « + 2 S « 



X2 



x C 2 

^fc (fc + 1) (2* + 1) ^ r 2 A 



{k+1) x C <*> 



(i) 



<9ri 
S « + 2 S « 
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X 




(13) 



Here the tensorial operator of the spherical function is related to the spher- 
ical function of Condon and Shortley [13] by 



The expression (13) coincides with the one given in Glass and Hibbert 
[3] (formula (37), term for electrons ij = 12), except for the i factor at the 
d/dri term, which is missing there. That irreducible tensorial form of the 
spin-other-orbit interaction operator presented by Glass and Hibbert [3] is 
perhaps the simplest known in the literature, because it contains only six 
terms of different tensorial structure, with only a single summation over 
the tensor ranks k. Here we imply that a tensorial structure indexed by 
(fciA^/e, <7i<72<t) has rank k\ for electron 1, rank ki for electron 2, and a 
resulting rank k in the I space, and corresponding ranks o\Oig in the s 
space. Then in terms of different structures we have 




(14) 



and e(x) is a Heaviside step-function, 




for x > 0, 
for x < 0. 



(15) 




k 



+ 




(16) 



with 




x 



(2k + 1) V2k~^l 




e(r 2 - ri ) 



(17) 



7 



rr(fc-lfcl,011) _ 

V3 



(*) „ T (!) 



x L 



(fc-1) 



x C. 



(fc) 



(i) 



(i) 



„fc-2 



(2* + 1) V2fc=T -j^ e(r 2 - n), 



(18) 



jj(fcfcl,101) _ 



2^3 



VWTT 



x L« 



W x C 2 <*>' 



(i) 



(i) 



x 1 ( fc + l ) Hbi £ ( r 2 - r i) - k e(n - r 2 ) 



i^k(k + 1) (2fc + 1) 
9 1 



W . . (i) 



Jfc-1 



(19) 



^ 011) = ^= |\ / 2fcTT ( 

f Jfc-2 



(fc) 



x a 



(fc) 



(i) 



(i) 



x \ (k + 1) e(r 2 - n) - fc e(n - r 2 ) 



fc+3 



i^/k(k + 1) (2fc + 1) 
9 1 



w . . (i) 

s 2 



Jfc-1 



(20) 



^(fc+lfcl,101) 



a 



2^3 



Q (fc) x L x (1) 



x C< fc > 



(i) 



(i) 



x (2fc + l) V2k + 3 <n -r 2 ), 



(21) 



rr(fc+lfcl,011) a 

^3 



x L« 



(^) xC (fc)]« 



(i) 



(2fc + 1) V2k + 3 e(n - r 2 ), 



(22) 
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where the tensor ranks k for (17)-(20) satisfy the condition k > 1 and for 
(21)-(22) k > 0. 

Now, since we have from (6) that 

H so ° = (ij \H{°°\ i'f) a iaj a],4, (23) 

iji'j' 

we readily obtain the expressions for particular terms ff^ k ^ k2k ' aia ' 2CT ^ Q f H so ° 
in a coupled tensorial form from (7) or (8) of PI [6] by taking ff^ k2k ' aia ' 2CT ^ 
for G and {j^ k2k ' ai(T2a ^ f or ig there. Those operators in the formalism of 
second quantization are further transformed to arrive at the form schemat- 
ically outlined in (5)-(8) of P2 [7] (with a, (3, 7, 5 being strictly different) 
as 



E e(E){^(n tt A a> E)*(u,l) 

a ki2,<t 12 ,k' 12 ,o^ 2 
z — ' L Jp,— P 



+E [-D (/qS) x D^ lf)S ) 
+ ^f[DMxflM lM2) 



(K120-12) 



^« 2 ^ 2 ) (n 7 A 7 ,H) 



(kk) 



<5(u,3) 



P-P 

(kk) 
P-P 



(24) 

Here A^ kk ^> (nX,E) , ...,E^ kk '^ (nX,E) denote tensorial products of those cre- 
ation/annihilation operators that act upon a particular electron shell (see 
P2 [7]), A = Is, and u is the overall number of shells acted upon by a given 
tensorial product of creation/annihilation operators. Parameter E implies 
the whole array of parameters (and sometimes an internal summation over 
some of these is implied, as well) that connect the amplitudes B of tensorial 
products of creation/annihilation operators in the expression (24) to these 
tensorial products (see P2 [7]). These amplitudes (S) are all proportional 
to the submatrix element of a two-particle operator g, 



O (S) ~ (niXiUjXj \\g\\ ni'Xi'njiXji) . 



(25) 



In the following section we present the explicit expressions of submatrix 
elements for particular terms of Hy^ defined by (16). 
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3 Submatrix Elements for the Spin-Other-Orbit 
Operator Amplitudes 



There are six terms having different tensorial structure, summed over k in 
Hi2° expansion (16). Their submatrix elements are all contained in the 
following three expressions, provided the appropriate o\ and a"2 are chosen: 



(niXiHjXj 



Tr(k— lfcl,<Ti<T2l) 
t±soo 



rijiXjin 



f Xj^ = 2 ■ 2 a2 {(2k - 1) (2k + 1) 



x (U + l v 


- k + 1) (k - U-\ 


-lv) (k + l 


x (k)- 1 ' 2 


;<< 











(26) 



( 



niXiiijXj 



x (lj ||c( fe )|| /jv) I (A; (fc + 1))' 1/2 (/, (i< + 1) - A; (k + 1) - ^ (^ + 1)) 
x {(fe + l)iV fc - 2 ( njljnili,nj/ljiriiili/) — kN k (nilinjlj,niiliirij/lji)^ 
-2 (k (k + 1)) 1/2 V k - X (mlinjlj,n v l v nylj>)^ ; 



(27) 



(riiXirijXj 



H ( S oo lkl,aia2l) \\ nv\ i ,n j .\ j ,) = 2-2^ {(2k + 1) (2k + 3) 
x (k + l v -k)(k-k + l v + l)(k + k- l v + l)(k + k + l v + 2)} 1/2 
x (jfe + 1)~ 1/2 (li k^j {lj Zj,) iV fe {mknjljMUmylj,) . 



(28) 

The radial integrals of two types occurring in (26)- (28) are (see, Glass and 
Hibbert [31): 



N k (nihil jlj,ni'liinjilj>) 



(J2 roo roo ^.k 

= Tio Jo P ^ r ^ P ^ r ^^< r ^- r ^'( r ^ P f( r ^ dr ^ ( 29 ) 



and 



V k (nilinjlj,rii'liinjilji) 



a ^ /-OO /-OO j,". i >j 

Tio 7o ^( r i)^^)^r 2 — ^(n)^,^)^^. (30) 
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The integrals N k (niknjlj,ni>k'nj>lji) have the following symmetry proper- 
ties: 

N k (nilinjlj,ni>liirij'lj>) = N k {nykmjilji ,riiknjlj) 
= N k (ni>li>njlj,nilinjtlj/) = N k (n,ikrij>lji ,ni>li>rijlj) . (31) 

As was shown in the monograph of Jucys and Savukynas [1], and later 
in the paper of Godefroid [14], the integrals N k (niknjlj,rii>k'nj>lj') and 
V k (nilinjlj,ni'liinjilji) are related by 

V k ^ 1 (nilinjlj,nidi>njilj>) +V k ~ 1 (ni>k>nj>lji,niknjlj) 
= kN k (nilinjlj,niili>rij>lj>) — (k + 1) N k ~ 2 (rijljnik, nyljiiiiiki) . (32) 

The use of the approach presented in P2 [7] presumes that both the 
tensorial structure of th thee operator under consideration and the subma- 
trix elements (niXirijXj \\g\\ n^Xi/nj/Xji) are known. The formulae (26), (27) 
and (28) are the expressions we need, with the fixed tensorial structures 
of fj^ K2K ' aia ' 2a ^ corresponding to ^g( K ^ K2K ^f J2U ) of a general operator of 
P2 [7] (we could use Hf™ + -fffi°> which would correspond just to g, but 
that is unnecessary, as stated earlier). We may readily obtain the value of 
a matrix element of this operator for any number of open shells in bra and 
ket functions, by choosing every tensorial structure from (16), using their 
submatrix elements and corresponding tensorial ranks in an expression of 
the type (24), defining bra and ket functions, and performing spin-angular 
integrations according to P2 [7]. 

4 Some Simplifications for Submatrix Elements 

In this section we will discuss some special cases of distributions iji'f for 
the spin-other-orbit interaction operator. The labels iji'f in the expressions 
starting from (6), and then (23) and further, do not necessarily label the 
different single-electron states (although some combinations cancel in second 
quantized expressions (6) and (23): only j / j and i! / f terms remain). 
Now we will use strictly different indices a and (3, introduced in P2 [7] 
(see Table 1 there), to distinguish between separate cases of the coinciding 
principle and angular momentum quantum numbers n and A in the arrays 
iji'j', i = niksim^msi. In these cases of coincidence some of the submatrix 
elements vanish, and therefore can be omitted in spin-angular integrations, 
thus simplifying the calculations. 
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4.1 Distribution iji'f = aaaa 

For the distribution iji'j' = aaaa, on the basis of the relation for radial 
integrals (32), we easily see that those integrals compensate each other in 
tensorial structures (kkl, 101) and (fcfcl,011): 



(n a \ a n a \ a ||iJ s ( o fel ' CTlCT2l) || n a X a n a X a ) = -2 • 2« (2* + 1) 1/2 
x (i Q ||c( fe )|| l a f {(k(k + I))' 1 ' 2 (l a (l a + 1) - k (k + 1) - l a (l a + I)) 
x{(k 

-2 (A; (A; + 1)) 1/2 {nj a nj a , nj a nj a ) } = 0. 

(33) 

Then from expressions (47), (48) and (49) of P2 [7], and using expression (27) 
for Hi2°, we obtain the final tensorial form of spin-other-orbit interaction 
operator acting within a particular shell of electrons a: 



H%°{aaaa) = ^^(-l) 1 ^ { (n Q A a n a A a 

k P 

x[k — l, k, l]" 1 / 2 [a 1 - 1 ^ x a^ s )] (fe ~ n) 



rr(fe-lfel,101) 
H-soo 



+ (n a X 

a 



„-(fc-lfcl,011) 
-tlsoo 



x[k- 1,A;,1]~ 1/2 [a^ x a 



(fc-10) 

J_ ( \ \ rr(fe+lfcl,101) 

■f" [n a A a n a A a tisoo 
x[k + l, k, I}' 1 / 2 [a^ x a('« s )] (fe+11) 

4-fr, X r. X r|-(fc+lfcl,011) 



X 



^qAqTIq, Aq,^ 

a ( aS) x a ( aS) 



X 



(fcO) 



a («aS) x g{l a s) 



(fe+10) 



p,-p 

(11) 

p,-p 

(11) 

p-p 



n a X a n a A Q 
x a ( aS > x a { aS> 

ip-p 



- {(k(2l a - k + l)(2i a + k + 1)) 1/2 [fc - 1]"V2 
x (rL a X a n a A a H soo ^-qAqTIqAq^ 
((fc + l)(2Z a - fc)(2Z Q + fc + 2)) 1/2 [A; + l]" 1 / 2 
(n X n X H (k+lklA01) ' 1 



X 



x (n X n X H ik+lkl ' W1) 



i. Q ,A Q ,7i Q A Q ^ | 

a MxaM] (U) ] 
Jp,-pJ 



(34) 
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We define the tensor a( /s ) as related to the electron annihilation operator 



-mi,—m s 



by Rudzikas [15], 



alt = (-1)'+— 



and use a shorthand notation (2/c + 1) • ... = [A;, ...] . 
We also have from (26) and (28): 



(35) 



(n a X a n a 



Tr(k— lfcl,(Ti(T2l) 
t±soo 



a n aXa*j — 



2 • 2 CT2 



x ((2k -l)k (2k + 1) (2l a -k+l) (2l a + k + 1)) 1/2 



(36) 



j-r(fc+l£ll,o-io-2l) 
tlsoo 



2 • 2° 2 



(n a X a n a X c 

x((2k + 1) (k + 1) (2k + 3) (2l a - k) (2l a + k + 2)) 1/2 



(37) 



An expression equivalent to (34) (with (36) and (37)) was already presented 
in the monograph Jucys and Savukynas [1], formulae (13.23) and (13.24), 
where a matrix element of spin-other-orbit interaction within a single shell of 
equivalent electrons is defined. The differences are that they use the coordi- 
nate representation, and the Marvin notation of radial integrals (see Marvin 
[16]), where 



M k (nili,rijlj) = N k [n,l,n ,1 ,. n,l;ti ,1, 



Thus, there are four terms Hg 



(38) 

a soo i a soo and 

Hgoo lk1 ' 011 ^ having different tensorial structure for this distribution instead 
of six (see expression (16)). All of them are general in the sense that they 
may be applied to obtain matrix elements of spin-other-orbit interaction 
operator for distribution aaaa between functions with any number of open 
electronic shells (see P2 [7]). 

4.2 Distributions iji'f = a/3a(3 and (3a(3a 

For the distributions iji'j' = af3a(3 and (3a(3a we also have that the subma- 
trix elements (n a X a npXp H < so Z o 1,aicr ' 21 ^ n a X a npXpj and 

{npXpn a X a Hioo 1 ' aia21 ^ npXpriuXc^j vanish, on the basis of the same 
relation (32). Then from expressions (50) and (51) of P2 [7], we obtain 
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the final tensorial form of the spin-other-orbit interaction operator for the 
distribution af3a[3: 



H{?(af3af3) = ^^(-l) 1 ^ { [n a X a n p X p ||^- lfcl ' 101) || n a X a n p X p 



k V 

x[k- 1, As, 1]-V2 



1 (fc-H) 



a (hs) x a(h*) 



+ (riaXaUfsXp Hsoo lfcl ' 011) n a \ a np\p^ X 



:[k- 1,M]~ 1/2 



(fc-10) 



(fcO) 



(fcl)- 



+ 



H. 



(fc+lfcl,101) 



x[k + l,k,l] 



-1/2 



(fc+11) 



a MxaM l(fc ° y 



+ 



(n a X a npXp _ffioj" lfcl ' 011) riaAangA/^ x 



[ifeH- 1]-V2 



(fe+10) 



a M x aM 



(fei) 



(ii) 

P,~P 

(11) 
P-P 

(11) 
P,~P 

(11) | 
P-P j 



and for the distribution (3a(3a: 



(39) 



H%°(f3a[3a) = ^^(-l) 1 ^ { (n^n^ ||^- lfcl ' 101) || ^A^n Q A Q ) 
fe p 



:[k- 1,M]~ 1/2 



+ (npXpn a X a H^soo lfc1 ' 011 ^ npXpn a X a ^ 



x[k- 1,M]~ 1/2 



(l a s) x fi (J a ,)j x Ulps) x ~(^) 



(fc-11) 



(fc-10)' 



+ [np\pn a \ a 



„-(fc+lfcl,101) 

ii cnn 



x[fc+ l,fc,l]" 1/2 



a (iaS) x £j(/aS) 



(fcO) 



X 



npXpn a X a 
aWx» l(W!: 



x [k + l^,!]- 1 / 2 



+ {npXpn a X a Hioo lk1 ' 011 ^ npXpUaX^j 
1 ' r ,('a») xa M (fcl) x LWxaM 



(fc+10) 



(11) 

P,~P 

(11) 
P-P 

(11) 
P,~P 

(11) | 



(40) 



The expression (40) can be obtained from (39) by interchange a # /3 
and anticommutation of the second quantization operators. We present it 



14 



here because according to the approach of P2 [7] the condition a < (3 is 
imposed upon a, (3, so the distributions a(5a(5 and (5aj3a are different. 

We obtain the submatrix elements appearing in (39) and (40) from (26) 
and (28). In these two cases the tensorial form of the spin-other-orbit in- 
teraction operator also contains the radial integrals of only one type, as in 
(34), i.e. N k (nilinjlj,niiliirijilji) . These tensorial forms (39) and (40) are 
general in the sense that they may be applied to obtain matrix elements for 
given distributions between functions with any number of open electronic 
shells, as stated already in P2 [7]. Then the case of just two open electronic 
shells would be a special one, and it was treated by [1]. Those authors had 
obtained expressions for matrix elements of direct interaction terms diag- 
onal with respect to configuration, containing one type of radial integrals, 
(see formulae (27.2) - (27.4) there), and our expressions (39) and (40) are 
equivalent to the operators they used (except that we have used second 
quantization). Jucys and Savukynas [1] had also presented matrix elements 
of exchange terms for two open shells case in their (27.7)-(27.9). Their oper- 
ators for these cases correspond to our operators for distributions a(3(3a and 
/3aa(3. For these distributions there are no vanishing tensorial structures 
in the spin-other-orbit interaction operator, so the simplification mentioned 
above is no longer possible. Then we directly use a general approach as 
described in P2 [7]. 



5 Conclusions 

The tensorial form of the spin-other-orbit interaction operator in the for- 
malism of second quantization is presented (expressions (24) (26), (27) and 
(28)). This tensorial form allows one to exploit all the advantages of the 
approach described by P2 [7]: 

i) obtaining both diagonal and off-diagonal matrix elements with respect 
to the configurations in a unified approach, 

ii) using the tables of submatrix elements of tensorial operators (standard 
quantities), 

iii) applying and making use of the quasispin formalism for the second 
quantized, 

iv) having recoupling matrices simpler than in other known approaches. 
The operator itself generally contains tensorial structures of six differ- 

„-(fc-lkl,101) „-(fc-lfcl,011) „-(fcfcl,101) Mkklfill) Mk+lkl^Ol) , 

ent types: H y SO o , H y soo , H y soo , H y soo , H y SO o and 

Hso£ lk1 ' 011 ^ (Section 2). Each type of tensorial structure is associated with 
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different type of recoupling matrix and with different matrix elements of 
standard tensorial quantities. Although the approach of P2 [7] allows one 
to obtain these quantities fairly efficiently, still it is expedient to simplify 
the tensorial form of a complex operator whenever possible. In the present 
work we have succeeded in obtaining simpler expressions, having fewer ten- 

. , ,, T (fc-lfel,101) rr (fc-lfcl,011) rr (fc+lfcl,101) , , r (fc+lfcl,011) N 

sonal structures {H K soo , W SO o , H y soo and Hloo ), 

for some special distributions (Section 4) for this particularly complex spin- 
other-orbit interaction operator, This facilitates practical calculations of ma- 
trix elements without restraining the generality, and is one more advantage 
of approach P2 [7], complementing those already mentioned. 
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